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Abstract 

We examine the effects of two types of quadrupole gradient errors in the 
AGS Booster on beta variations and tune shifts. Using PATRIS we find that the 
effective quadrupole errors, resulting from the sextupole crossing by the 
uncorrected distorted closed orbit, outweigh in their importance the 

?? 
rrors in 

the field gradient strength for the quadrupole. 
latter, 

With (AK/K),,, = lo- for the 
we find that the rms values for the stopbands are (6~~)~~~ = 0.0035 

and (lLvy)rms = 0.0038. These values, in our opinion, do not invoke any need 
for the half-integer stopband compensation. 

Introduction 

,The importance of quadrupole gradient errors has been known for many 
years . They not only cause beta variations and shift tunes away from their 
design values, but also entail stopbands, i.e. small regions of potential 
instability in the proximity of integral and half-integral values for the 
tunes of an unperturbed machine. Since particles during acceleration can 
become trapped in these regions and eventually get lost, it is important to 
determine sizes of these regions, i.e. the so-called stopband widths. 

PATRIS currently handles two sources of gradient errors. First source 
are effective quadrupole gradient erro;s as a result of the crossing of the 
sextupole by the distorted closed orbit . A brief discussion of these effects 
can be found in Appendix. Second source are true uncontrolled modulations of 
the quadrupole gradient field as we move from one quadrupole to another. 

PATRIS handles these problems statistically, by running over 21 
distributions of random errors and computing the rms values of various 
quantities of interest. More details are given in Ref.2. Here we would only 
mention that the distributions for the two kinds of quadrupole gradient errors 
are independent, hence the code runs in fact over 21 pairs of distributions if 
an evaluation of combined effects of these two kinds of errors is sought. 
PATRIS evaluates and prints the values of beta variations at one particular 
location of the lattice, and also tune shifts for each of these 21 
distributions (or pairs of distributions). This is followed by evaluating and 
printing their rms values. 

It is worthwhile to mention that there are analytic means for evaluatiyg 
tune shifts and beta variations resulting from quadrupole gradient errors . 
PATRIS, however, does not rely on these analytic approximations. It evaluates 
tune shifts and beta variations exactly, where by the term "exactly" we mean 
fully reevaluating these shifted quantities from the actual transfer map in 
the presence of errors. Therefore, the degree of accuracy is in fact 

determined and limited by the linearized equations of motion for the bend and 

quad, the kick approximation for the sextupole, and by the modeling of closed 
orbit distortions, which are obtained with kick-modeled errors and with 
nonlinearities not taken into account'. 



Relative Importance of the Two Sources 
of Quadrupole Errors in the Booster 

First interesting question was to see which source of quadrupole error,s 
is more important in the Booster. To get an answer, we ran the two case,s 
under the most similar conditions, i.e. with the same rms values for all the 
errors in the lattice, 
distortions2. 

AK/K as well as those that give rise to closed orbit 
The rms values were taken to be 0.3 x 10m3 in the appropriate 

units. These values for the closed orbit errors have been found as2the upper 
limits for the Fermilab correcting scheme to be very likely to work. 

Table 1 gives the results for beta variations and tune shifts so$ely due 
to pure gradient field errors in the quadrupole, (AK/K)rms = 0.3 x 10 with 
no closed orbit distortions. The beta variations are calculaied in 
correspondance with the center of the horizontally focusing quadrupoles. 
Table 2 gives the same for the other case, i.e. quadrupole gradients have 
their ideal values but the crossings of the sextupoles by the distorted closed 
orbit (see Appendix) are giving rise to effective quadrupole errors. The two 
cases are also plotted together on Figure 1 and Figure 2. One thing is 
apparent. The effective quadrupole errors, stemming from the uncorrected 
distorted closed orbit, are more important than the true quadrupole gradient 
errors. This is good since this allows us to be more generous as far as the 

(AK/K)rms values are concerned and, as will be shown in the sequel, obviates 
the need for the half-integer stopband compensation. 

Effects of low3 RMS Values for AK/K 

Since we have seen that the effects of the true gradient errors are less 
dramatic than those coming from the effective errors, we have adopted mu?h 
more generous values for the former ones. We examine the case (AK/K)rms= lo- , 
a value for the relative rms errors that should not be difficult to maintain 
in practice. 

The results of a run with (AK/K),,, = 10s3 and with no closed orbit 
distortions are given in Table 3. If compared with Table 2, this table 
reveals that even now the effects of pure gradiens errors just start competing 
with t:he effective errors arising from 0.3 x 10 rms values for the lattice 
errors that cause closed orbit distortions. In Table 4, we present a mixed 
case, i.e. beta variations and tune shifts due to the combination of the two 
effects. The picture is similar, except that now the rms values approximately 
double. 

From now on we focus our attention on the pure (AK/K)rms = low3 case. 
This we do because of the fact that the closed orbit will inevitably have to 
be corrected, with a subsequent large reduction of the effective quadrupole 
errors, resulting now from the crossings of the sextupoles by the corrected 
closed orbit. Under such operating circumstances, the effects of the true 
quadrupole errors are expected to prevail. Statistically the rms values for 
the stopband width around the nearest integer or half-integer tune values are 
just twice the rms values of the tune shifts. From the rms values of the tune 



shifts, on the bottom of Table 3, we get thus the rms values for the stopband 
width. They are 

(SYx)rms = 0.0035 and (SYy)rms = 0.0038 . 

These values are small, especially when compared with the large tune spread 
(- 0.3) due to space charge at injection. It is true nevertheless that during 
the early stage of acceleration it may not be possible to avoid that part of 
the beam sweeps through a half-integer stopband. One can estimate the 
expected growth of the emittance for these particles. This is given by 

AE 
[ 

2n(6v)n -- e 
E -1 9 1 

where n is the number of turns the particle spends inside the stopband of 
width 6~. If V' is the sweeping rate, then n = (SV)/V' and 

For a small emittance increase, say lo%, we have a minimum requirement on the 
crossing speed v'. If we take Su = 0.004, we obtain 

V' 3207r(SV) 2 - 0.001 . 

Since, in our opinion, this condition is easily satisfied, we do not foresee 
any need to compensate for the half-integer stopbands. 



Appendix 

Here we give a sketch of derivation of 
resulting from the crossing of the sextupole 
For the sake of brevity, we consider just one 

The differential equation of motion, in 
given by 

X" + K(s)X = ; a X2 . 

the effective quadrupole error, 
by the distorted closed orbit. 
degree of freedom. 

the presence of a sextupole, is 

(A.1) 

If both transverse degrees of sreedom are considered, then the right hand side 
of (A.l) contains also a -aY /2 term. Furthermore, for several thin lens 
modeled sextupoles in the lattice, the right hand side of (A.l) would look 
like 

(A. 2) 

However, (A.l) is sufficient to illustrate the point. It is satisfied by any 
particle whose transverse coordinates are measured from the design orbit. 
Therefore, it is satisfied by the free betatron motion in the absence of 
errors 

X” + K(s)X = - a X2 
1 

B P 2 B' 
(A.3) 

as well as by the closed orbit in the presence of errors elsewhere in the 
lattice 

1 
X:0 + K(s)XCO = 2 Q Xi0 . 

.lations around the d Now consider betatron oscil 

i.e. we set 

x = XC0 + x 
B 

(A.4) 

istorted closed orbit, 

(A.5) 

and insert this into (A.l). We obtain 

1 

(xco p + x ),, + K(s) (XC0 
2 

+X)=2"(Xc0+X) . 
P P 

(A.6) 

This now splits into two equations. One is just (A.4), the equation for the 

closed orbit, while the other becomes 

xi; + K(s)X B 
=+(2X x + X2) 

COB P ’ 
(A.7) 

4 



which is equivalent to 

X2; + [K(s) - aXCO] X 
B 

= $ ox2 . 
B 

(A. 8) 

The last equation is an equation for betatron motion in the presence of a 
modified quadrupole 

K(s) + K(s) - aXCO . (A.9) 

Therefore, the crossing of a sextupole of strength a with the distorted closed 
orbit, whose measure is XCO, indeed produces an effective gradient error, as 
claimed. This effect is calculated with PATRIS. 
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Tables 

1. This table represents the tune shifts and beta variations solely due to 
pure quadrupole gradient errors. 
0.3 x lo-3. 

The rms value for AK/K was taken 
The 21 rows in the table correspond to the 21 distributions 

of random errors, whereas the bottom line represents the rms values over 
these 21 distributions. The random number sequences were cut at 2.50. 

2. This table represents the tune shifts and beta variations solely due to 
the crossing of the sextupoles by the distorted closed orbit. The rms 
values for all the lattice errors that give rise to closed orbit 
distortions were taken to be 0.3 x 10m3 in the appropriate units. 

3. This table represents exactly _tte same as Table 1, except that the rms 
value for AK/K is now 1.0 x 10 . 

4. This table represents the tune shifts and beta variations due to 
combined effects of the sextupole crossings by the distorted closed 
orbit and of pure quadrupole grad'ent errors. The rms values for the 
closed orbit errors are 3 

errors are 1.0 x 10e3. 
0.3 x lo- 

Therefore, 
while those for the pure gradient 

this table represents combined 
effects of conditions that were separately presented in Table 2 and 
Table 3. 



Figure Captions 

1. This figure represents the tune shift plots based on the tune shift 
columns (column 3 and 5) from Table 1 and Table 2. Therefore, the 
figure portrays the relative importances of the two kinds of quadrupole 
errors, since the runs were performed under the most similar conditions. 
The prevalence of the effects of the sextupole crossings by the 

distorted closed orbit is obvious. 

2. This figure represents the same as Figure 1, except that now the beta 
variations are plotted instead of tune shifts. 
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